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^ . Abstract 

We propose a generalized description for the /c-Poincare-Hopf algebra as a sym- 
metry quantum group of underlying /c-Minkowski spacetime. We investigate all 



(N 
>. 

. the possible implementations of (deformed) Lorentz algebras which are compat- 

O 

m 



ible with the given choice of /c-Minkowski algebra realization. For the given re- 
Cf) [ alization of /c-Minkowski spacetime there is a unique /c-Poincare-Hopf algebra 

^ ■ with undeformed Lorentz algebra. We have constructed a three-parameter fam- 

O . ily of deformed Lorentz generators with A:-Poincare algebras which are related to 

/c-Poincare-Hopf algebra with undeformed Lorentz algebra. Known bases of k- 
Poincare-Hopf algebra are obtained as special cases. Also deformation of tgl(4) 
_ Hopf algebra compatible with the /c-Minkowski spacetime is presented. Some 

■ physical applications are briefly discussed. 

^ '. 

1. Introduction 

The Poincare symmetry is the full symmetry of special relativity and it in- 
cludes translations, rotations and boosts. Algebraically it is described by the 
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Poincare-Lie algebra (Lorentz generators M^y and momenta P^), usually denoted 
as tso(l, 3), and defined by the following commutation relations 

[M^y,PA = i(Pyr]i_,A-P,r],A), (2) 

[P„Py]=0, (3) 

where t/^v is the metric tensor with Lorentzian signature. As it is known, any 
Lie algebra provides an example of undeformed Hopf algebra via its universal 
enveloping algebra. Therefore, the universal enveloping algebra of the Poincare- 
Lie algebra l/isod.s) can be equipped with comultiplication, a counit and antipode 

AqM^v = Mpy®l + l®Mi,y and AqP/, = O 1 + 1 (S) (4) 

S (M^y) = -Mpy- S (Pp) = -P,; e(M^y) = e(P,) = (5) 

defined on the generators and then extended to the whole 1/i5o(i,3), which consti- 
tutes the undeformed Poincare-Hopf algebra. Such an algebra can be deformed 
within the Hopf algebraic framework. First deformations of Poincare symme- 
try appeared in the early 90's. The so-called /c-deformation [[iiH], was obtained 
by contraction procedure from q-deformed 50^/3,2). It gained much attention 
since such deformed relativistic symmetries can be interpreted as a description of 
Planck scale world and the deformation parameter k (of mass dimension) is usu- 
ally interpreted as the Planck Mass Mp or the quantum gravity scale Mqg. The 
/c-Poincare-Hopf algebra is the symmetry algebra (quantum group) of underlying 
quantum space which should replace the undeformed one at this level of energy. 
It is believed that below the Planck scale a more general spacetime structure ap- 
pears, e.g. noncommutative one, where (as with quantum mechanics phase space) 
uncertainty relations naturally arise The A:-Minkowski spacetime, as one of 
the examples of noncommutative spacetime is a (Hopf) module algebra over the 
/c-Poincare-Hopf algebra and it stays invariant under the quantum group of trans- 
formations in analogy to the classical case. The Ac-deformed Poincare algebra 
as deformed symmetry of the /c-Minkowski spacetime inspired many authors to, 
e.g. construct quantum field theories (see e.g., [0, H, 0, Ivfl), electrodynamics on 



/c-Minkowski spacetime M, m, or modify particle statistics (see e.g., lill, HOfl). 
One of the main ideas is to discuss Planck scale (quantum gravity) effects, since 
it naturally includes k (Planck scale, quantum gravity) corrections. 

In this Letter we are interested in the generalization of the description for the k- 
deformed Poincare symmetry group, especially the Lorentz sector. A deformation 
of the phase space, compatible with /c-Minkowski spacetime can be characterized 



by a set of functions hf^v(p) uA \lA uMuM- For a given choice of h^y there are 
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infinitely many ways of implementing the Lorentz algebra, with different Hopf al- 
gebra structures generally within tgl(4). Among these algebras, for a given choice 
of /z^y, there exists a unique /c-Poincare-Hopf algebra. Such examples were con- 
sidered in di, 12, 13, 14, 15]. The first example of deformed Lorentz algebra with 
the Af-Poincare-Hopf algebra was proposed in yj. Undeformed Lorentz algebras 
that cannot be equipped with a Hopf algebra structure which would be closed 
in the Poincare algebra were considered in lH, [III [l^ [13, H Our aim is 
to introduce the most general form of deformation of the Lorentz algebra, com- 
patible with the /(--Minkowski spacetime, which includes the above examples as 
special cases. Especially, we have constructed an infinite three-parameter class 
of deformed Lorentz algebras with the /c-Poincare-Hopf algebra structure which 
are related to the /c-Poincare-Hopf algebra with undeformed Lorentz algebra, of 
which the standard basis ^ is one example. 

The plan of the Letter is as follows. In Section |2] we introduce the deformed 
Heisenberg algebra, including noncommutative /c-Minkowski spacetime coordi- 
nates. Later, in Section [3] we focus on the generalization of /c-Poincare algebra 
which includes a certain ansatz for Lorentz boost generators. This section con- 
stitutes the generalized description of the deformed Poincare algebra within this 
framework. In Section |4] we focus on the undeformed Lorentz algebra with a de- 
formed coalgebra which depends on the choice of /^--Minkowski realization. Here 
the bicrossproduct basis [0] for the /c-Poincare-Hopf algebra is included as a spe- 
cial case. Section |5] includes the case in which the Lorentz algebra is deformed 
and here we are able to obtain the standard basis |[l|] of /c-Poincare as a special 
case. Section |6] concerns the twist deformation of igl(4). Finally, in Section |7] 
conclusions are presented. 



2. Deformed Heisenberg algebra 

Before going into deformed relativistic symmetries let us start with the defor- 
mation of a phase space (Heisenberg algebra) including /c-Minkowski spacetime. 
In the undeformed case Heisenberg algebra H can be defined as a free algebra 
of n coordinate generators and n generators of momenta, satisfying the following 
relations: 

[x^,jCy] = 0; [pfj,Xy^ = -iri^y ■ 1; \Pii,Pv\ = 0; (6) 

where rj^y = (-, -I-) is diagonal metric tensor with Lorentzian signature. 

A possible deformation of Heisenberg algebra is to introduce noncommutative 

coordinates. In the case of /c-Minkowski spacetime algebra we have: 

[Xf,, Xy] = i (a^Xy - QyX^ Xy^ = "Z/j^y (/?) ; Py^ = 0. (7) 
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For simplicity we can choose = (gq, 0, 0, 0). We shall denote the algebra de- 
scribed by these commutation relations as H. The choice of function /z^y (p) is 
such that the Jacobi identities for X/j,pv are satisfied which implies that /z^,v (p ) 



obeys a system of partial differential equations ( 11121 11311. see also [|14|,ll5Ll2QLl21J 
2211). In the undeformed limit ^ we obtain algebra H, i.e. limaQ_^o hf^v = Vnv- 



For the purpose of deformation we shall introduce h-adic extension of H and de- 
note it by ^[[a]], which is an algebra of formal power series ll22ll . In fact, algebra 
i^^[[a]] can be obtained from H by non-linear change of generators (mapping), as 
example see realization Q ll22ll . 

Let us emphasize that for the given H, there is a unique choice of functions 
h^y and the corresponding realization, = x"ha^{p). One family of realizations 
can be described by: 



Xq = Xqi// (A) - aoXkPkJ (A) , x,- = Xiip (A) 



(8) 



where A = -Uap" = aoPo. The functions (p{A) ,il/{A) are arbitrary real-analytic 
functions such that ^(0) = l;iA(0) = 1 and i^'(O) is finite (where ip' = ^) and 
7(A) obeys: y = '^ifj -i- 1, in order to obtain /c-Minkowski commutation relations 
for noncommutative coordinates 11121 l2lll . Functions h^y can be easily obtained 
from relations d?]) and ([8]). 

As a special case of Eq. ([8]) one can choose: (A = 1; ^ = Z Then we have 
y = \ - A, Z = e'^ and 



^■0 - xq — ao{\ — A) XkPk, Xi - XjZ 



-A 



(9) 



where we introduced the so-called shift operator Z 6 ^[[a]] defined by commuta- 
tion relations: [z, Xfj = ia^jZ; [z, p^ = 0. 

Note that the above realizations are not Hermitian, however one can construct 
the Hermitian realizations by simple formula: 



x'' = 



x^ -\- x^ 



(10) 



3. Generalized Poincare algebras 

We are interested in the most general form for deformation of Poincare alge- 
bra which would be compatible with the above deformed Heisenberg algebra H. 
Let us define deformed Lorentz generators M^y satisfying general commutation 
relations 

[M^y, M^p] = / (M^,Agvp{p) - Mf,pgM - My^gf,p(p) + Mypg^Aip)) (11) 

where g^v{p) is real, nondegenerate metric in momentum space g,jv{p) = gv/jip) 
and M^y satisfy M^y = -My^. This point of view could be related with the recent 
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idea of relative locality 112511 which includes the description of /c-Poincare-inspired 
momentum space geometry. However we will not focus on this here. 

We write M^v in order to emphasize the deformation. The generalized Poincare 
algebra is defined by [p^,Pv] = and 

[M^y, Pa] = iGf^yAp) (12) 

for real functions G^y^ip). We require that all Jacobi identities are satisfied which 
set restrictions on tensors g^y, G^y^. It is enough to calculate Jacobi identities 
using Eq. (fTTI) for three Ms and using Eqs. (fTTl) and (fT2l) for two Ms and for one 
p. In order to complete the set of commutation relations, we include 

VM,y,XA]=-iXaK;M (13) 

for real functions K'^y^(p). Since = x^ha^iip) satisfy /c-Minkowski commutation 
relations © and M^y = x"Gf,ya{p) (satisfying Eqs. ([II]) and ([HI)), Eq. (fT3l) 
produces expressions for functions K'^^-^ in terms of h^^ and G^vty- We also require 
the smooth limit to the Poincare algebra when deformation parameter goes to 
0. 

The deformed Heisenberg algebras are introduced as subalgebras of the gener- 
alized Poincare algebra extended by /<■- Minkowski noncommutative coordinates. 
Therefore, introduced realizations for Lorentz algebras are compatible with de- 
formed Heisenberg algebras as well. 

One can consider the following ansatz for generators in which the deformation 
parameter a has the form (ao, 0,0,0) and the rotation subalgebra 6o(3) is unde- 
formed: 

Mm = XiPoFi (A, b) - Xop^Fa (A, b) + ao {XkPk) PiF^ (^, b) + aoXip^Fa, (A, b) (14) 

Mij = Mij = XiPj-XjPi, (15) 

expressed in terms of undeformed Heisenberg algebra, and A = aopo;b = a^p^. 
When uq goes to 0, Fi and F2 go to 1, and F4 are finite and goo goes to rjoo- 

The generalized Poincare algebra is described by the following set of commu- 
tation relations: 

[Mio, Po] = ipiF2, [m,o, = iSij {poF\ + aop^F^ + iaoPiPjFs (16) 
[M,y, Mko] = i (Mjoriik - Miorjjk) (17) 

[m,o, Mjo] = iMij(-F,F2 + AF,F, - 2AF,F, - bF,F, - IbF] - ^^^2 - ^^^2^(18) 

-2A Fi— - 2Ab—F3 - lAb—F^ - lAbFi— - 2b F3— - 2b F^—), 
ob ob ob ob ob ob 
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UT7 


--^-^ 




dA 










' db 


2b- F,^^' 




db 





(the rest of commutation relations for Poincare algebra stays undeformed). Note 
that Eqs. (fT4l)-(fT8]) also include the case of the undeformed Lorentz algebra. 

In the classical limit <3o ^ from generalized Poincare algebra we recover 
the well-known relations of the undeformed (standard) Poincare algebra 1/iso(i,3) 
: gfiv rjfiv and G^y^ip) i [pv^fiA - PiiTIva)- One can easily recover the form of 
the metric g^vip) for which the set of commutation relations (fT6l)-(fT8l) is satisfied. 
It leads to the following: 

gooip) = -F1F2 + AF,F, - 2AF1F4 - - 2bFl - A~-^F2 - bF2~-^ - lA'F, ^(19) 

dFi dF, 
-2Ab — -F^ - 2Ab — -F4 - 2AbF 
db db 

and gij = T]ij, gio = o| 

Remark: It is possible to define Hermitian realization of Lorentz generators as 
wellB 

Mfo = \ (20) 

The deformed symmetry algebra can be equipped in Hopf algebra structure 
as well, generally igl(4) one. As quantum Hopf algebra the generalized Poincare 
algebra will possess an algebraic sector (commutators in the form of (fT6l)-(fT8])) 
and the co-algebraic sector (coproduct, counit and antipode), generally in tgl(4). 
The quantum (deformed) Hopf algebras will be presented in the next sections. Let 
us mention that when uq goes to it reduces to undeformed Hopf algebra, ©-© . 

4. Lorentz algebra and /f-Poincare-Hopf algebra 

In this section we consider the Lie algebra defined by undeformed Lorentz 

X, m, (see [H H 0, H EE H H 



generators and m, (see [llS IM 1121 111 |21i |20|, |22L |2J) satisfying the 
following commutation relation 

[Mpv, xa] = i [xyj]f,A - x^rjyA + QyM^A - af^My^) . (21) 

In this Lie algebra we use M^y instead of M^y. Let us mention that the relation 
(|2TI) is the unique way to obtain a Lie algebra generated by M^y and (see 11201] ). 



^ Within the idea of relative locality ll25ll the metric dependence on momenta is linear, here we 
have more general form, however also consistent with the /c-Poincare algebra which will be shown 
in Section|5] 

^Note that if M^ySnd pp are Hermitian then the right hand side of (fTTl i should be anti- 
Herimitian. Also gQo(A, b) commutes with Mjj in ( fTTl i. 
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For a class of Heisenberg algebras defined in Section |2] by h^y{p), we get the 
corresponding class of /c-deformed Poincare algebras defined by 

VM^„pA = iG^M. (22) 



Jacobi identities imply that G^y,\ is uniquely determined by h^y [|l3h . 

One exarnple isparticularly interesting: the natural realization (or classical 
bases) UlStllflEE 12, 13]. For the natural realization, 

M,y = X,P, - X,P„ (Fi=F2 = l,F3 = F4 = 0), (23) 

where = -ao/'o+ -^1 - a^P^. In order to emphasize the natural realization, we 
write capital letters (to distinguish from generic and p^,). Then the commutator 
of and Pa has the form 

[M^„ P,] = i (PyT],, - P^T],,) . (24) 

They generate the undeformed Poincare algebra. The coalgebra structure is given 
by 

APf, = Pf,®Z-^ + 1®P^- a^p^Z ® P" 

AM^y = M^y (8) 1 + 1 (8> Mf,y " a f,{p^f Z ® May + ay{p^fZ ® (25) 



p'; = Pa- (26) 



where 

= p - 

2 

and □ = ^ (l - Vl + a^P^) (a^ = a^a", P^ = PaP"). Here, the deformation is 
described by the general four-vector a^. Counits are trivial i.e. e{M^y) = and 
e{P^) = 0. The antipodes are given by 



S{P,) = (-P,-a,p'^P)z 

S {M^y) = -M^y - a^p^May + ayp^M^f,- (27) 

It is important to emphasize that using similarity transformations 

P, = 6p,6~'=P,(p) (28) 
X, = 6x,6'' = x'^^a.ip) (29) 

where £ = exp{x°'2Q,(jc»)} and functions I^aip) satisfy the boundary condition 

lim2„ = 0, (30) 

a->0 



one can obtain formulae for the coproduct and antipode of using (1281) (and its 
inverse relation) lll3n . 

Let us consider the class of realizations given by ([8]). The corresponding sim- 
ilarity transformations for (l28l) are given by 

1 - an 
Po = + (31) 

(p(A) 



where 



1 



r(A) % 

It is easy to obtain formulae for Xq and lll2ll . 
Functions F,(A, b) are given by 

y(A)(Z^ - 1) <A(A) p.. r(A) 1 

Fi(A,Z7) = — , F2(A,b) = ——, F^{A,b) = ——, F^{A,b) = - 



(34) 



d? 



Let ^(A) = I . The coalgebra structure is given by 

Jo 1/^(0 



Apo = — ^"^(ln(Z®Z)) (35) 
where ln(Z ®T) = ln(Z) O 1 + 1 O ln(Z). Also 

A/7, = ^(aoA/^o) ® 1 + Z ® — ^) . (36) 

The coproducts of the Lorentz generators are given by 

AM,-o = M,o®l + Z® Mio - ao ^ ® M,-,- (37) 

V('3o7?o) 

and 

AMij = Mij 1 + 1® Mij. (38) 
The counits of all generators are undeformed and the antipodes are given by 

Sip,) = -^-'(In(Z-i)), (39) 
ao 

ifjS (aopo)) 

SiPi) = -Pi — z — Z , (40) 

Viciopo) 

S(Mio) = -Z-i (m,o + ao-^Mi] , (41) 
S{Mu) = -Mij. (42) 
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For the choice i/r = 1 and ^ = Z in ([8]) the Hopf algebra structure can be 
written as: 



Apo= Pq®1 + 1® Pq; Api = pi®Z ^ (g) pf, (43) 

AA/,-0 = M;o (8) 1 + Z (8> Mio - aoZ-^pj ® Mij (44) 

S (Po) = -po; S (Pi) = -Z^'-'pr, S {M^^) = -Z ' (m,o + aoZ^pjM^j) . 

(45) 

Let us consider two choices of A: 

1) The case A = 0. 

Z2-1 

The form of functions F, is the following: Fi = — , F2 = 1, F3 = 1, F4 = 

--. The formulae for the coproduct and antipode of momentum and Lorentz gen- 
erators are written in formulae (1431) . (I44l) and (|45]) . The Hopf algebra obtained in 
this way is identical to the bicrossproduct basis from [Q]. 

2) The case A = ^. 

The form of functions F,- is the following: Fi = ^Z^, F2 = Z^, F3 = 
^Z5, F4 = -^Z^. Again, the formulae for the coproduct and antipode of mo- 
mentum and Lorentz generators are written in formulae (1431) . (I44l) and (|45]) . Co- 
roducts and antipodes for momenta, po, pi are identical as in the standard basis 
lO . Since the Lorentz algebra is undeformed, the coproducts of M,o are not the 
same as in the standard basis iH]. 

Similar examples could be presented fox \p = 1 and ip = -^-^ {Weyl symmetric 
realization), i]/ = ip = \ - A {left covariant realization) and ij/ = I + A and ip = 1 
(right covariant realization). There are some other interesting examples in [13]. 

The generalized form of the Poincare algebra does not contain dilatation gen- 
erator, however the ansatz for Lorentz boosts includes them (see formula (fT4l) '). 
Nevertheless provided examples show that Poincare algebra does not necessarily 
need to be extended, even in the case of F3 0. 

We point out that for the given choice of /z^y, there is a unique expression for 
GfjvA (|22l) and F, (fT4l) such that the Lorentz algebra is undeformed and relation (|2TI) 
is satisfied. Note that the reverse statement is not true. Examples with undeformed 



Poincare algebras are given by a family of h^y, see Subsection 4.2. in nl3\\ . 



5. /c-Deformed Lorentz algebras and /f-Poincare-Hopf algebra 

Let us consider the given choice of h^y (Eq. (|7])) and a family of /c-deformed 
Lorentz algebras defined by functions Fp Fj, F3 and F^ (see (fT4l) and (fT5l)). For a 
given choice of h^y, there is a unique choice of functions F, (denoted without index 
d), such that the Lorentz algebra is undeformed and Lorentz generators M^y and 
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noncommutative coordinates fomi a Lie algebra via the relation (|2TI) (Section 
ID). Now, let us restrict our attention to the family of /c-deformed Lorentz algebras 
which are related to the undeformed one by the relation 

Mio = MjoidijGi + alpiPjG2) + aoMijpjGj (46) 

where G,(A, b) are arbitrary functions such that Gi goes to 1 and G2 and G3 are 
finite as the deformation parameter ciq goes to 0. We emphasize that (l46l) is a 
subclass of (fT4l) . For simplicity we consider the case G2 = and (|46l) transforms 
to 

M,o = M;oGi + aoMijPjGj. (47) 
The inverse relation is given by 

. 1 G3 
Mio = Mio — - aoMijPj —. (48) 

Relations connecting Ff and F, are given by 

Fi = FrGu F'l = F2Gu Fi = F^Gi-G,, Fi = F,G, + G3. (49) 

It is easy to obtain inverse relations. Let us mention that generally ^00 Jloo ((HU) 
and (fTSl)). implying that the Lorentz algebra is deformed. If Gi = 1 and G3 = 0, 
then goo = ?7oo- 

The coproduct AM,o can be obtained from Eqs. (1471) and (l48l) : 

AM,o = A(M,o)A(Gi) + aoA(M,,)A(p,)A(G3). (50) 

Coproducts Api and AA/,o are calculated in the previous section. One has to ex- 
press M,o in terms of M/o and Mjj (gS]) in the Eq. (I50l) . 

For the class of examples when ij/ = \ and ^ = Z'"^ the relation (l50l) transforms 

to 

AM,o = (M-o 1 + Z (8> M,-o - aoPjZ'^ ® M,-^) AGi 

+ ao (Mij + Mij) (pj ® + Z^~^ ® pj) AG3 

M,-o^ O 1 + Z ® M,o^ - ao 1^7^;— O 1 + Z ® M,-^py|^ + pjZ'^ O M,yjj AGi 

+ ao (Mij O 1 + 1 O M,y) [pj ® Z~^ + Z'"-* O p^) AG3 . (51) 

, , sinhA , A ^ 

Let us consider the special case X = ^,F ^ = — — , F"^ = I, F^ = F^ = 0, 

Gi = Z-5 and G3 = \: 

^1 1 

Mio = MioZ 2 + -aoMijPj (52) 
10 



and 



AM,,, = M,o » Z-* . Z* ® M,. + f (M,Z* « p, - p, « M,Z-*) . (53) 

Let us mention that goo = ?7ooCOshA. This example for M,o and AM,o coincides 
with the corresponding results in the standard basis in 111] (ao = -^). 

Eq. (I46l) produces a three-parameter (Gi . G2, G3) family of generalized Poincare 
algebras, in which the Lorentz algebra is generally deformed. This family corre- 
sponds to different bases of the /c-Poincare-Hopf algebra. We point out that for 
all the other deformed Lorentz generators M,oj which are not related to M^y via 
relation (l46l) . M,o can be related to some undeformed Poincare algebra, but not to 
the Poincare algebra given by the natural realization (1231) . As a consequence, 
the coproduct of such M,o cannot be written in terms of (deformed) Poincare 
generators only, the Hopf algebra structure should be extended to /c-deformed 
igl(4) (or Poincare-Weyl) Hopf algebra. Note that undeformed Lorentz genera- 
tors M^v = x^pv - XyPn generally cannot be written in terms of M^y by the Eq. 
(|46l) . For example 

MiQ = XiPo - XoPi = (xiPo^^^^ - XoPi + y (XkPk) Pi - y x,/Jz5 , (54) 

for the case A = j in Section HI Inserting generators M and M into relation (l46l) . 
we find that there is no solution for Gi, G2, G3. As a consequence, AM,o is not 
closed in 1/150(1,3), which we demonstrate in Section[6l 



6. /c-Minkowski spacetime and twisting t0l(4) 



To each realization ([8]), there is a corresponding twist. In llllll . Abelian twists 



for realizations dSj) where \f/ = I were constructed. In [|18n . Jordanian twists for 
one subfamily of realizations ([8]) with ip I were constructed. 

Let us consider the (undeformed) algebra tgl(4) generated by L^y = x^iPv and 
Pp. The commutation relations are given by 

[Lpv,L^p] = -i{LfjLprivx — L^yrj^jp^ ; [L^y, p i] = iri^^xPv (55) 

The commutation relations [L^y, i^] can be easily calculated using ([8]) and (1551) . 

The coalgebra structure can be obtained by the twist operator T . For the given 
twist operator, Ap^ = TIS.qPi/F'^ and AL^y = TIS.QL^yT~^ i^oPpi and AoL^y are 
primitive coproducts), while the counit is trivial. 

For the realizations ^ given by i/r = 1 and (f = Z"'*, the corresponding Abelian 



twists [lil|,ll8|] are 

T = exp {AiXkPk <S) A - (1 - A)A ® ixkPk) ■ (56) 
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Coproducts of obtained by twist (l56l) coincide with Eq. (I43l) . 

Generators M^y = L^y - Ly^ generate the subalgebra 5o(l,3) of gl(4). It can be 
shown that 

AM^ = Lio®Z'^ +Z-^^~'^'^ ®Lio (57) 

3 3 

- Lo; ® Z'^ - Z^-^ ® Loi - (1 - A)aQPi ® ^ LiiZ"-* + ^ J] ® aaPi. 

k=l k=l 

Hence, AM,o cannot be expressed in terms of Poincare generators M^y and p^. 
It shows that it is not possible to put the coalgebra structure on the subalgebra 
t5D(l,3), and we get /c-deformed tgl(4) Hopf algebra compatible with /c- Minkowski 
spacetime. 

Similarly, one can obtain AL^y and Ap^ using the family of Jordanian twists 



[llSn . Particularly, for left covariant (ij/ = (p = 1 - A), and right covariant {if/ = 



1 + A,(p = 1) realizations, corresponding Jordanian twists lead to the Poincare 



Weyl algebra which includes dilatations lll9ll . 

We point out that for the given /i^y, there are infinitely many ways of imple- 
menting /c-deformed gl(4) or Ac-deformed Lorentz algebras defined by Eqs. (fT4|) 
and (fTSl) . 

7. Conclusions 

The structure of spacetime, at the scale where quantum gravity effects take 
place, is one of the most important questions in fundamental physics. One of 
the examples of noncommutative structure is /c-Minkowski spacetime. Below the 
quantum gravity scale the symmetry of spacetime should also be deformed. In this 
Letter we have generalized the description of such deformations, which include 
the well-known forms of /c-Poincare-Hopf algebra in different basis as special 
cases. 

For the given phase space H, defined by h^jy (|7]), there exists a unique unde- 
formed Lorentz algebra such that M^y and generate the Lie algebra (|2TI) . Then, 
the realization of Lorentz generators is fixed. For example, they are given by 
(fT4l) . (fTSl) and (l34l) . corresponding to the family of realizations ([8]). The relations 
between M;o and are given by (fT6l) and (l34l) . The Hopf algebra structure is 
fixed and it corresponds to the /c-Poincare-Hopf algebra with undeformed Lorentz 



algebra 11131] . 

For the given h^jy we have constructed a three-parameter family of deformed 
Lorentz generators Mjo, described by Gi, G2 and G3 (l46l) . The generators M,o 
are given by (fT4l) and (fT5l) . The Hopf algebra structure AM,o depends on Gi and 
G3 (l50l) . The AT-Poincare-Hopf algebra with deformed Lorentz algebra is related to 
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the /c-Poincare-Hopf algebra with undeformed Lorentz algebra. A special example 
where A = ^, Gi = Z~~- and G3 = ^ coincides with the standard basis given in yj]. 

For the same choice of h^y there is an infinite family of deformed Lorentz 
generators M;o given by (fT4l) such that the corresponding Hopf algebra structure 
is not /c-Poincare, but lies in tgl(4). For example, M^y = x^^p^ - x^p^^, (Fi = F2 = 
1 , F3 = F4 = 0) does have the coproduct in tgl(4) tgl(4) (for generic /z^y see 
Section (6]). Note that for the natural realization (l23l) generators M^y have the 
/c-Poincare-Hopf algebra structure (see Section H]). 

We point out that for the given phase space H defined by hfjy, there are in- 
finitely many implementations of Ac-deformed Poincare (and igl(4)) algebras and 
corresponding Hopf algebras. Our description contains them both (Ac-deformed 
Poincare and tgl(4)) therefore we call it generalized. There is no physical prin- 
ciple which would distinguish some choice in this class. What are good and bad 
physical consequences of some choice (which generally leads to Lorentz symme- 
try violation) is still an open question. 

Nevertheless such a general form for the /c-Poincare-Hopf algebra might be 
useful in the view for applications in the Planck scale or Quantum Gravity physics. 
Certain realizations of quantum spacetime influence the form of the symmetry al- 
gebra and deform the Casimir operators, which in turn lead to different dispersion 
relations. As it was already shown (see, e.g., [1241 ) such dispersion relations re- 
sult in the so-called time delays for photons, which could be connected with the 
similar effect measured for high energy photons coming from gamma ray bursts 
(GRB's). 
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